Abstract. Truncated Toeplitz operators were introduced in a seminal paper by Sarason in 2007. We show that they have an intimate connection with the Agler-Young class.
1. Introduction
Truncated Toeplitz operators.
We follow the notations of Sarason [4] . Let D denote the open unit disc, H 2 the Hardy space on D, the Hilbert space of holomorphic functions with square summable Taylor series around 0. For an inner function u, denote by K 2 u the orthocomplement H 2 ⊖uH 2 of the shift invariant subspace uH 2 . All functions in Hardy space are identified with their radial limits defined on the unit circle and hence the space H 2 is identified as a subspace of L 2 of the unit circle with the normalized arc length measure. So, any input to a function, say z in this paper will denote a point on the unit circle and thus will satisfy |z| = 1. In accordance with Sarason, P will denote the projection from L 2 to H 2 . We shall greatly use the fact that K 2 u is invariant under the backward shift operator.
For an L ∞ function ϕ on the unit circle, we write the multiplication operator with symbol ϕ on L 2 as M ϕ where M ϕ (f ) = ϕf , f ∈ L 2 . We will represent the Toeplitz operator with symbol ϕ by T ϕ , i.e., T ϕ = P M ϕ | H 2 . Thus the forward shift operator will be denoted by T z and the backward shift operator by T ⋆ z . Let P u denote the projection from H 2 onto K 2 u . The truncated Toeplitz operator with symbol ϕ on K 2 u is defined as
This was defined by Sarason, [4, p. 492] . Let P c denote the projection operator from H 2 to span{1}
We shall heavily use a tool called conjugation denoted by C, which acts on K 2 u as
u . It is linear with respect to addition, C(f + g) = C(f ) + C(g), conjugate linear with respect to scalar multiplication, C(af ) =āC(f ) where a ∈ C and satisfies the following properties:
Sometimes, Cf will be denoted byf . Further details about A ϕ and C can be found in Sarason's paper [4, p. 495].
If k w denotes the reproducing kernel k w (z) = (1 − zw) −1 on the Hardy space, then its projection P u k w on K Before moving forward, it will be worthwhile to mention that whenever K 2 u is non trivial (i.e., is a proper non zero subspace of H 2 ), then k u 0 = 0 and consequentlyk
is constant, then u has to be constant, which can never give rise to a non trivial K 2 u . So, throughout this paper, we will assume that K 
and defect spaces as
A pair of bounded operators (S, Z) on a Hilbert space H is said to be in the Agler-Young class (AY) if Z is a contraction and (1) The function ϕ is of a particular form, viz., ϕ =f + zf and f ∈ span{k
(2) A ϕ and A z commute.
Certain invariant Subspaces for
The proof of the Main Theorem above uses a result that appeared in Nakazi [3] . We give a new proof of this result in this note.
∞ function on the unit circle. Decompose ϕ asf + zg, where f, g ∈ H 2 . Then, for any inner function u, uH 2 is invariant under T ϕ if and only if f is a constant.
Recall that by Beurling's theorem, any closed subspace of H 2 that is invariant under the forward shift is of the form uH 2 for some inner function u. Thus, an invariant subspace of the shift is invariant under a Toeplitz operator if and only if the symbol of the Toeplitz operator is analytic.
So, (5) becomes
Remark. Recall thatφ is shorthand notation for C(ϕ)
Proof. Observe that
. Now, the result follows from Lemma 2.4 as
We will present another proof of the fact that A ϕ − A ⋆ ϕ A z is rank one operator (or zero operator).
Proof. In proving this theorem, we shall use the fact thatk
Therefore, onk u 0 ⊥ , we have
Remark. Remember that any vector g ∈ K u 0 )}.
On invariant Subspaces for
We start with the simple observation that given f 1 in uH 2 and f 2 , q ∈ H 2 with f 1 + f 2 = q, it is true that q is in uH 2 if and only if f 2 is in uH 2 . We now prove Theorem 1.2.
Proof. Pick an element from uH
2 say uh, where h ∈ H 2 . We will first show that if f (z) = c, where c is a constant, then, uH 2 is invariant under T ϕ . So, we compute:
Clearly, the second term in the last expression i.e., T zg (uh) lies in uH 2 as T zg (uh) = P H 2 (u(zgh)) = u(zgh) ∈ uH 2 . Similarly, the first term in (9) i.e., Tc(uh) = P H 2 (cuh) = cuh ∈ uH 2 . Thus, Tc(uh) + T zc (uh) ∈ uH 2 and hence T ϕ (uh) ∈ uH 2 . This shows that uH 2 is invariant under T ϕ . Now, we will show that uH 2 is not invariant under T ϕ if f vanishes at 0, i.,e., if f is orthogonal to the constant functions. Decompose such an f as f 1 + f 2 + f 3 according to the decomposition
Case 1: f 2 = 0 First we shall show that uH 2 is not invariant under
Thus, if we show that Tf (u) ∈ uH 2 , then T ϕ (u) ∈ uH 2 by the observation at the beginning of this section, thus proving our claim. Note that,
Observe that ck u 0 z andf 2 z lie in H 2 . So, 
which is a non-zero element because of the assumption that f 2 = 0. Thus we have proved our claim for this case.
Case 2: f 2 = 0 Now we shall assume that f 2 = 0 i.e., f = f 1 + f 3 = ck u 0 + ul with all the symbols same as in Case 1. Without loss of generality, we can assume that f = k u 0 + ul. Note that for f to belong to H 2 ⊖ span{1}, we need that uP c (l) = 1 − k u 0 , which gives P c (l) = u(0), which follows from the fact that k
, where the second term is clearly in uH 2 . So, we will show that Tf (u) ∈ uH 2 which will imply that uH 2 is not invariant under T ϕ . Observe that , which is direct from definition of backward shift T 
The last equality follows from the fact thatl is co analytic. Call c 2 = P cl . Clearly, c 2 = u(0) by the assumption that we made at the beginning of this claim. Now, taking inner product with k
as (c 2 − u(0)) = 0 from last paragraph. Hence Tf ∈ uH 2 which proves the claim that uH 2 is not invariant under T ϕ . Hence, from the above two cases, it follows that for all f which are in the orthocomplement of the constant function 1, uH 2 is not invariant under T ϕ . Since f ∈ H 2 can be written as f = f 4 + f 5 where f 4 ∈ span{1} and f 5 ∈ H 2 ⊖ span{1}, we have ϕ =f + zg = (f 4 + f 5 ) + zg =f 4 + (f 5 + zg). Hence, we get T ϕ = Tf 4 + Tf 5 +zg . Note that Tf 4 leaves uH 2 invariant. And, iff 5 = 0, thenf 5 + zg ∈ H 2 ⊖ span{1} and thus Tf 5 +zg does not leave uH 2 invariant as we have already shown using Cases 1 and 2. Therefore, uH 2 is invariant under T ϕ if and only if f is a constant, i.e., f 5 = 0. 
For such an f , we are going to drastically simplify the form of A ϕ − A ⋆ ϕ A z using an important result from Sarason's paper which says, A ϕ = 0 if an only if ϕ ∈ūH 2 +uH 2 [4, p. 498] . Using this result, we shall show that A ϕ = Ac +cz for all f which satisfy (11). A small observation to be made is that f = ck
Hence the result. Now, it is easy to see that if f = ck u 0 + g where g ∈ uH 2 , then
ϕc A z where ϕ c =c + cz. Note that ϕ c is analytic.
Proof of the Main Theorem
In this section, we prove Theorem 1. . It is easy to verify that (T ϕc , T z ) is the minimal Agler-Young isometric dilation of (A ϕc , A z ) and thus of (A ϕ , A z ). But (T ϕc , T z ) is a commuting tuple and it leaves K 2 u coinvariant, thus (A ϕ , A z ) has to be a commuting tuple, proving the second part of the theorem.
